Syllabus

Instructor: Dr. Jason M. Graham

Contact: Email: jason.graham@scranton.edu, Phone: 570-941-7491
Web: https://sites.google.com/site/jasonmgrahamus/
Address: University of Scranton, Department of Mathematics, 204 Monroe Ave. LSC, Rm 235,

Scranton, PA 18510

Description of Topics: Our goal is to learn about exponents and units. We will do so primarily
by working a lot of problems, as this is the best way to learn mathematics. Exponents and units
are both topics highlighted in the common core. Exponents, or powers arise through repeated
multiplication. Specifically, by multiplying a quantity by it self some number of times. Units
are how we measure quantities. Both exponents and units are fundamental in the application
of mathematics to science, technology, engineering, etc. For example, consider Newton’s famous
“inverse square law” for gravitational attraction which states that the magnitude of the gravitational
attraction between two objects is inversely proportional to the distance between the two objects.
In symbols

mM
F=G—
r
where F'is the magnitude of the force, m and M are the masses of the two objects, r is the distance
between the objects, and & is a constant of proportionality. Two observations:

1. The distance r is squared, i.e., raised to the second power. Hence, we already see the need
for exponents when applied mathematics to study nature.

2. When we measure physical quantities, take distance for example, we don’t measure pure
numbers, but numbers with some corresponding unit such as inches or meters. In order to
communicate the significance of any measurements you make, you must state the unit, and

" know how to convert from one particular unit to another.

Mathematically, there is actually a lot of deep stuff going on with both exponents and units and we
will try to explore some of this “deep stuff.” This will give us a “view from the top” and increase
our content knowledge of these topics that appear as part of the common core. Moreover, a fuller
undérstanding of the things we teach will make us better equipped to teach those things.







About You

Date: Name:

1. What do you enjoy most about mathematics?

2. What do you enjoy most about teaching mathematics?




3. What do you find is the greatest difficulty in teaching mathematics?

4. List a particular topic or area in mathematics that you would like to know more about.



5. What is the highest level of mathematics you have studied?

6. What can I do to ensure that you get the most out of the program?
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Exponents
. Evaluate
273 4975
Evaluate
2—2
3-3
Evaluate
2\ 2
(3)
. Simplify .
1212,
Simplify

(~8)¥(36)7*.

Simplify and express answer without writing a fraction
a?zy"

atzdy?’
Simplify and express answer without writing a fraction

(z +y)*
(x+y)

Simplify and eliminate negative exponents.

b*(3ab%)(2a°°)

. Simplify and eliminate negative exponents.

6932
2yz?

Simplify and eliminate negative exponents.
a2\ °® /a3p?\ 3
b c3
Simplify and eliminate negative exponents.

(8y%)73




N\

R S O A = U W o N

B

=

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Simplify and eliminate negative exponents.
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Simplify and eliminate negative exponents.

Simplify the expression

Simplify the expression

Factor

Factor

Simplify

Simplify

Simplify

z~3 (x“z G
yz ) \y~

2232
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zyz? + x2y= 23

(y+4)%

(v° + 2y4)z — (16y + 32)3

y— 2

Compute the value without using a calculator

(1.0 x 1071)(4.0 x 102)
2.0 x 102

Compute the value without using a calculator

(1.0 x 1072)(4.0 x 10%)
2.0 x 102

Compute the value without using a calculator

2.0x10%2+4+1.0x 10°
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32.

Compute the value without using a calculator

20x 102 +1.0x 1071

Compute the value without using a calculator

(1.0 x 1071)(4.0 x 10?)
(2.0 x 10%)?

Compute the value without using a calculator

(1.0 x 1071)(4.0 x 10%)
(2.0 x 102)2

Determine the order of magnitude for the following calculation

(1.2 x 10711)(5.7 x 10'3).

Do not use a calculator.

Determine the order of magnitude for the following calculation

(3.3 x 10711)(4.7 x 10%).

Do not use a calculator.
Determine the order of magnitude for the following calculation

1.2 x 1071
5.7 x 1013 °

Do not use a calculator.

Determine the order of magnitude for the following calculation

(2.3 x 108)
A (1.7 % 106)(4.8 x 10-2)

Do not use a calculator.

Determine the order of magnitude for the following calculation

23x10%2+1.8x 1074

Do not use a calculator.
Solve the following problem without using a calculator.

(2.3 x 107)(5.2 x 107°)
4.3 x 102

a 1.2 x 107t
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b 2.8
c 3.1x10
d 5.6 x 102

Solve the following problem without using a calculator.

((2.5 x 1077)(3.7 x 107%)) + 4.2 x 102

al3x10~H
b 5.1 x 10710
¢ 4.2 x 10?

d 1.3 x 10®

. Solve the following problem without using a calculator.

V(1.1 x 10-%) + (8.9 x 10-5)

a 1.1 x 102
b 1.4 x 1072
c 1.8x10?
d 2.0 x 1072

. Solve the following problem without using a calculator.

1
5(3.4 x 10%)(2.9 x 10®)?

a 1.5 x 1018
b 3.1 x 10'8
c 1.4 x 10"
d 3.1 x 10"

Solve the following problem without using a calculator.

(1.6 x 1071%) x 15
362

a 1.9x 107
b 2.3 x 107V
c 1.2x107°
d 3.2 x107°

Recall that the imaginary number ¢ satisfies 12 = —1. Compute
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‘prove by induction that .

Let n be a positive integer, conjecture a formula for 5®. Use mathematical induction to prove -

your conjecture.

Using the F.O.LL. method, and the fact that i> = —1, compute
3
(a) (—% + z?)
3
) (~1-iF)
Use the identity '
¢® = cos(z) +4sin(z), where i* = —1,
and the laws of exponents to derive the sum formulas
cos(A + B) = cos(A) cos(B) — sin(A) sin(B), (1)
sin(A + B) = cos(A) sin(B) + sin(A) cos(B). (2)

. Recall that any complex number z can be written as z = re®®. Then for any complex number

z, by DeMoivre’s formula, we have that, for any positive integer n
2™ = r™(cos(nf) + isin(nd)).
Use this to compute
5
(x/§ + z) :
Suppose that you start with a number z > 0, if you take " for increasing values of n starting
at n = 1, will 2™ increase or decrease?

Suppose that you start with a number & > 0, if you take o= for increasing values of n starting
at n = 1, will " increase or decrease?

‘Explain why z° = 1 for any real number z # 0.

Can 0° be determined?

Using the definition
=z -z- -z (p-times),

g™ = g™,
Assume for simplicity that z > 0. What properties are numbers are essential for this property
to be true?

. Suppose that A is a 2 x 2 matrix, ¢.e.,

A=
c d

How would you define A™ where n is a natural number?
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Suppose that A is a 2 x 2 matrix, i.e.,

If we define .
AP=A-A---A (p-times),

where A - A is matrix multiplication is it still true that
APA™ = AT
Using the definition
2P =z -z - z(p-times),

prove by induction that

(zy)" = z"y".
Assume for simplicity that z,y > 0. What properties of numbers are essential for this to be
true?

Suppose that A and B are 2 x 2 matrices. If we define
AP =A-A---A (p-times),
where A - A is matrix multiplication is it still true that

(AB)" = A"B"™?
Consider a 2 x 2 matrix of the form

cos() —sin(8)
M = ]

“sin(f)  cos(f)

a matrix of this form represents a rotation of the plane through an angle # and hence is
sometimes referred to as a rotation matriz. Compute the following:

M?, M3,
It may help to recall that

cos(2z) = 2c632(z) -1, (
in(2z) = 2sin(z) cos(z), (4

cos(3z) = 4 cos®(z) — 3 cos(z), (
sin(3z) = 3sin(z) — 4sin®(z). (

w0

Conjecture a formula for M™, where n is a natural number.
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Find a 2 x 2 matrix A such that

40
A=

09

In this case we say that A is the squareroot of

Find a 2 x 2 matrx A such that

A2

In this case, A is the square root of

Does every 2 X 2 matrix have a suare root?

Consider the integers Z = {0,+1,42,+£3,...}. Suppose we define “multiplication” to be the
operation of addition. If € Z, then what is the interpretation of “z raised to the power n”,
where n is a natural number? Do all of the usual laws of exponents still hold? ‘

Suppose that (G, o) is a group. That is, G is a set and o is a binary operation on elements of
G. For g € G, how would you define g® where n is a natural number? How would you define .
g", where n is an integer? Can you define g? where p is a rational number?

What makes it possible to define 2P, where z is a real number and p is a rational number? -
Consider the equation z? = 1, is there a unique real number solution to this equation?
Consider the equation z3 = 1, is there a unique real number solution to this equation?
Consider the equation 2% = 1, is there a unique complex number solution to this equation? -
Recall that the composition f o g of two functions f and g is defined by

(f o 9)(=) = flg(z)).

If we take “multiplication” to be function composition, then we can define raising to a power

as

frz)=(fofo: of)z)

n—times
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For example, if f = cos(z), then
f3(z) = cos(cos(cos(z))).

With respect to this notion of exponentiation, which of the usual laws of exponents continue
to hold? Justify your anwers. Which laws fail, and why? Note: This notion of exponentiation

is called iteration.

Consider the function f(z) = z?, under the composition notion defined above. Compute the
following;:

f(0.5), £2(0.5), £3(0.5),..., f}%(0.5).

Repeat this for the values z = 1,1.5. How would you describe the behavior of the iteration of
the function 22?7 Conjecture how iterating this function for other values of z will behave.

. Discuss interation for the function f(z) = cos(z).

Units

A restaurant chain has sold over 80 billion hamburger, if each hamburger is % inch thick, how
tall would a stack of these hamburgers be? The distance to the moon is approximately 240
thousand miles. How does the height of the 80 billion hamburgers compare with the distance

to the moon.
If tuition and fees for a college course is approximately $200 per credit hour, how much do

you pay for a four credit course? If a typical four credit course meets four times a week, for
fifty minutes at a time, for fifteen weeks, how much do you pay per minute of the class?

Suppose that the area of an object is 4ft?, what is the area of this object if we want measure-
ments in terms of inches? :

. Suppose that the volume of an object is 64in®, what is the volume of this object if we want

measurements in terms of feet?

Convert 15 feet to inches (there are 12 inches per foof).
Convert 6 gallons to quarts (there are 4 quarts in one gallon).
Convert 3 pints to gallons (there are 2 pints in a quart).

Suppose that p is pressure, and v is velocity. What are the dimensions of the equation

S = pv?

. Explain why the following formula can not be the volume of a shape.

V = 8whir?,

where h is a height, [ is a length, and r is a radius.
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Suppose that A is an area, [ is a length, and a is an acceleration. What are the units for the

expression
N
A

Suppose that f(t) is a function of time ¢, and has units of length. What are the units for the
derivative, %, of f with respect to time?

If z has dimensions of length, and ¢ has dimensions of time, what are the dimensions of ‘f;T;"?

Given that m has units of mass, and a has units of acceleration, derive the dimensions for F°
if '
F =ma.

Consider the Coulomb force law
_ N

dmegr?’
where F is the force, ¢i, g2 are the charges of two particles, r is the distance between the
particles, and €y is the permitivity of free space. Use dimensional analysis to determine the
dimensions of .

Suppose that f(z) is a function of z, where = has units of length, and f has units of volume.
What are the units for the derivative, %, of f with respect to z?

Consider the differential equation

X — o1 - ) ()
Now define u
T = I t=oar
Using the chain rule from calculus compute
do _doir _,
dt drdt

Use this and equation (7) to derive a differential equation for z.

Consider the following system of differential equations:

a5 _ —aS1, (8)
-
dl
— = ST — vl
o =Sl =y | (9)
Define .
T = E =—, =97
- Na y= Na - ’Y .
Use the chain rule from calculus to compute
dr dxdr
—=——=7 1
dt drdt (10)
dy dydr
A A 11
dt drdt 7’ (11)
(12)

and derive differential equations for z and y.




ﬁ, 18. Recall Newton’s famous equation
F =ma,

where F' is the force, m is mass, and a is the acceleration.

(a) Suppose that we double the mass, how must we scale the acceleration in order to keep
the force constant?

(b) Suppose that we double the force, by how much must we scale the mass in order to keep
form having to adjust the acceleration?

ﬁ 19. Consider the equation

which gives the force induced by an electric charge. Here F' is the force, & is a fixed constant,
g, @ are the charges of two charged particles, and r is the distance between them.

(a) If we increase the distance between the particles by a factor of 2, by how much must
we adjust the charge @) to keep the force the same assuming all other variables are kept

fixed?

(b) If we increase the distance between the particles by a factor of 2, by how much must we
adjust the force F' assuming all other variables are kept fixed?

Appendix
A Useful Tables

Table 1: SI system of units for physical quantities.

Quantity Unit Symbol
Length meter m
Time second s

Mass kilogram kg
Current Ampere A

Temperature Kelvin K

Amount mole mol




Table 2: Units and dimensions for various measurable quantities.

Quantity Unit Dimension Symbol
Length meter m L
Time second s T
Mass kilogram kg M

Electric Charge coulomb C 1

Table 3: Prefixes for powers of ten.

107! deci d | 10" deca da
1072 centi ¢ | 102 hecto h
1073 milli m|10® kilo k
107 micro p | 105 mega
107 nano n |10° giga
10712 pico p | 10'? tera
10715 femto f |10 peta
1078 atto a | 10" exa

102! gzepto =z | 102! zetta

~ N ®m v N Qg

102t yocto y | 10** yotta







A Distant Supernova Remnant Discovered

These delicate wisps of gas make up an object known as supernova remnant SNR
0519. The thin, blood-red shells are actually the remnants from when an unstable star
exploded violently as a supernova around 600 years ago. SNR 0519 is located over 150,000
light-years from Earth in the southern constellation of Dorado, a constellation that also
contains most of our neighboring galaxy, which is called the Large Magellanic Cloud. One
light year equals about 10 trillion kilometers.

" Problem 1 — The diameter of this supernova remnant shell is about 24 light years. The
distance from our sun to the nearest star Alpha Centauri is 4.3 light years. If the sun were
placed at the center of the supernova shell, about where would Alpha Centauri be at the same

scale?

Problem 2 — The star that produced this shell exploded 600 years ago. If there are about 30
million seconds in one year, how fast was the shell traveling in kilometers/second expressed
A) as a simplified fraction? B) As a decimal number?

Space Math http://spacemath.gsfc.nasa.gov



Answer Key 43

http://www.nasa.gov/mission pages/hubble/science/snr-0519.htmi

Hubble Sees the Remains of a Star Gone Supernova

May 3, 2013

Problem 1 — The diameter of this supernova remnant shell is about 24 light years. The
distance from our sun to the nearest star Alpha Centauri is 4.3 light years. If the sun were
placed at the center of the supernova shell, about where would Alpha Centauri be at the same

scale?

Answer: About 1/3 of the way from the center to the edge of the shell.

Problem 2 — The star that produced this shell exploded 600 years ago. If there are about 30
million seconds in one year, how fast was the shell traveling in kilometers/second expressed A)
as a simplified fraction? B) As a decimal number? '

Answer:  The center of the shell is 12 light years from the edge, so the distance traveled in
600 years is 12 x 10 trillion km, or 120 trillion kilometers. '

Since 600 years equals 600x30 million seconds = 18 billion seconds,
the shell travels 120 trillion km / (18 billion seconds)
= 120,000 billion/18 billion
=120,000/18
A) As a simplified fraction 20000
------------ kilometers per second

B) As a decimal: 120000/18 = 6,666 kilometers per second.

This speed is about 100 times faster than the Space Station orbiting Earth.

Space Math http://spacemath.gsfc.nasa.gov




New NASA Satellite Takes Picture of Salton Sea

O e 9 Y

An image from an instrument aboard NASA's Landsat Data Continuity Mission
or LDCM satellite may look like a typical black-and-white image of a dramatic
landscape, but it tells a story of temperature. The dark waters of the Salton Sea are
shown in the semi-circle on the left-hand edge of the image. Crops create a
checkerboard pattern stretching south to the Mexican border.

The size of this image is 26 km wide and 17 km tall. Each green square
represents a planted crop measuring 160 meters on a side and an area of about 6
acres.

Problem 1 - What percentage of the total area of this image is occupied by planted
crops?

Problem 2 — What percehtage of all the farmed areas actually have growing crops?

Problem 3 — The annual rain fall is about 3 inches per year (0.076 meters/yr). If one

gallon of water has a volume of 0.0038 meters™, how many gallons of water fall on the
planted crop area each year?

Space Math http://spacemath.gsfc.nasa.gov
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Answer Key - 38

New NASA Satellite Takes the Salton Sea's Temperature
~April 22,2013
http:/lwww.nasa.govimission_pages/landsat/news/salton-sea.html

Problem 1 - What percentage of the total area of this image is occupied by planted
crops? .

Answer: The total area of this image is 26 km x 17 km = 442 km2.
Students should count the number of green squares to tally the number of planted
areas. A typical number would be about 50, so the total planted area is 50 x 0.16 km x

0.16 km=1.3 km2. The percentage of the total area is then 100% x 1.3/442 = 0.3 %.

Problem 2 — What percentage of all the farmed areas actually have growing crops?

Answer: This is a bit more difficult because students have to count all of the square
patches that they can see in the image, not just the green ones. A typical answer
would be about 100 patches, so the total number of green + brown patches is about
150, and so the percentage of the planted areas is 100% x 50/150 = 33% or 1/3.

Problem 3 — The annual rain fall is about 3 inches per year (0.076 meters/yr). If one

gallon of water has a volume of 0.0038 meters”, how many gallons of water fall on the
planted crop area each year?

Answer:

From Problem 1, the total planted area is 1.3 km2 or 1.3x106 metersz. If the rain
covers a depth of 0.076 meters each year, the rain volume is just 1.3x106 x 0.076 =

98800 cubic meters. This equals 98800 meters® x (1 gallon/0.0038 m°) = 26 million
gallons each year. '

Space Math http://spacemath.gsfc.nasa.gov




Exploring the Interior of Mars with Spheres and Shells

Once astronomers have

measured the diameter and mass of a

Y, i ; ' planet, they can determine the average
rante ouest density of the planet by dividing its
mass by its volume. This is a valuable
‘first look’ into the interior of a planet
because if the average density is close

to 1000 kg/m3, then most of the planet
consists of light materials and gas or
even water and ice like Saturn and
Uranus. If the value is large and near

4000 kg/m3, then the planet may

consist mostly of rocky materials like
Mercurv and Earth.

Problem 1 - The mass of Mars is known to be 6.39x1023 kilograms, and the outer
radius of the planet is 3400 kilometers. What is the average density of Mars in

kilograms/meters? What would you estimate as the composition of the martian
interior if ice has a density of 917 kg/m3, granite has a density of 2700 kg/m3 and
iron ore has a density of 7000 kg/m"?

Problem 2 — The interior of mars can be represented by three main geologic
regions: The core is a spherical region with a radius of about 1800 km; the mantle
is a spherical shell with an outer radius of 3300 km, and the crust is a 100 km
spherical shell located above the mantle. The crust of Mars has been sampled by
several NASA landers including Viking, Spirit, Opportunity, Phoenix and Curiosity.

The density of the surface rocks appears to be about 2000 kg/m3. If models of the

core of Mars suggest a density of 6400 kg/m3, what is the average density of the
rocks in the martian mantie zone to two significant figures?

Space Math http://spacemath.gsfc.nasa.gov
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Problem 1 - The mass of Mars is known to be 6.39x1023 kilograms, and the outer
radius of the planet is 3400 kilometers. What is the average density of Mars in

kllograms/meter3’7 What would you estimate as the composition of the martian
interior if ice has a density of 917 kg/m granite has a density of 2700 kg/m and iron

ore has a density of 7000 kg/m3’?

14

Answer: The volume of mars as a sphere is give'n byV=4/3n R3 SO

V = 1.333 x 3.141 x (3400000)° = 1.65x10°° m3 then the density is just

D= 6.39x1023 kg/1 .65x1020 m3 = 3872 kg/m This is between the density of granite

and iron, but closer to granite, so on average there is probably very littie iron in the
interior of Mars.

Problem 2 — The interior of mars can be represented by three main geologic regions:
The core is a spherical region with a radius of about 1800 km; the mantle is a spherical
shell with an outer radius of 3300 km, and the crust is a 100 km spherical shell located
above the mantle. The crust of Mars has been sampled by several NASA landers
including Viking, Spirit, Opportunity, Phoenix and Curiosity. The density of the surface

rocks appears to be about 2000 kg/m". If models of the core of Mars suggest a density

of 6400 kg/m3, what is the average density of the rocks in the martian mantle zone to
two significant figures?

Answer: We know:

The total mass of mars is 6.39x1023 kg.

The radius of the core is 1800 km.
The inner and outer radius of the mantle shell as 1800 km and 3300 km.
The inner and outer radius of the crust shell as 3300 km and 3400 km.

The density of the core as 6400 kg/m"
The density of the crust as 2000 kg/m3.

So we subtract from the mass of Mars the mass of the core and the crust to get the
mass of the mantle. From the mantle shell volume we can then determine it density:

Mcore = 6400 x 4/3 « (1800000)° = 1.56x102° kg.
Morust = 2000 x 4/3r ( 3400000° — 33000003) = 2.82x1o22 kg
Mmantle = 6.39x10°° kg — 1. 56x10 3 kg —2.82x10%% kg = 4.55x10% kg.

Volume(mantle) = 4/3 (3300000° - 1800000°) = 1.26x10°° m".

So Density = 4.55x102° kg/1.26x10°°m” = 3600 kg/m".

Space Math http://spacemath.gsfc.nasa.gov




Giant Gas Cloud in System NGC 6240

Scientists have used Chandra to make a detailed study of an enormous cloud
of hot gas enveloping two large, colliding galaxies. This unusually large reservoir of
gas contains as much mass as 10 billion Suns, spans about 300,000 light years, and
radiates at a temperature of more than 7 million degrees.

This giant gas cloud, which scientists call a "halo," is located in the system
~called NGC 6240. Astronomers have long known that NGC 6240 is the site of the
merger of two large spiral galaxies similar in size to our own Milky Way. Each galaxy
contains a supermassive black hole at its center. The black holes are spiraling toward
one another, and may eventually merge to form a larger black hole.

Problem 1 - If 1 light year equals 9.5 x 1015 meters, and the cloud is in the shape of a
sphere with a diameter of 300,000 light years, what is the volume of this cloud in cubic

meters? (n = 3.141)

Problem 2 - The mass of the sunis 2.0 x 1030 kilograms. What is the density of this
cloud in kilograms/ms?

Problem 3 - If a single hydrogen atom has a mass of 1.7x1 0_27 kilograms, how many
hydrogen atoms per cubic meter does the gas density represent?

Space Math | http://spacemath.gsfc.nasa.gov
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Giant Gas Cloud in System NGC 6240
April 30, 2013 )
http://www.nasa.gov/mission pages/chandra/multimedia/ngc6240.htmi

Problem 1 - If 1 light year equals 9.5 x 1015 meters, and the cloud is in the shape of a
sphere with a diameter of 300,000 light years, what is the volume of this cloud in cubic

meters? (n = 3.141)

Answer: V=4/3n R3, SO
V =1.333 (3.141) (150,000 x 9.5x1015 meters)3
64
=1.2x 10  meters

Problem 2 - The mass of the sun is 2.0 x 1030 kilograms. What is the density of this
cloud in kilograms/m°?

Answer: Mass of cloud = 10 billion suns = 10'° x 2.0x10°C kg = 2.0x10*° kg.

Density = mass/volume
40 64
2.0x10 " kg/1.2x10" ' m

1.7x10"2 kg/m®

3

Problem 3 - if a single hydrogen atom has a mass of 1.7x1 0'27 kilograms, how many
hydrogen atoms per cubic meter does the gas density represent?

Answer; Density = 1.7x10'24 kg/m3 x (1 atom/1.7x1 0'27 kg)
= 1000 atomslmeter3

Space Math http://spacemath.gsfc.nasa.gov




Grail Satellites Create a Gravity Map of the Moon

During 2012, NASA's twin Grail satellites orbited the moon at altitudes of only 30 km.
As they traveled, minute changes in their speeds tracked from Earth revealed changes in the
gravitational field of the moon. These changes could be mapped, and revealed density
changes in the lunar surface below them. In this way, scientists could look hundreds of
kilometers beneath the lunar surface and explore how the surface was formed billions of years

ago! On Earth, the acceleration of gravity is 9,807 cm/secz. The normal acceleration of gravity
on the average lunar surface is 1620 cm/secz, but in the blue regions of the map this is as low
as 1520 cm/secz, and in the red regions it is as high as 1920 cm/secz. A pendulum clock has

a swinging period, T in seconds, given by the formula T = 27 £ where L is the length of the
g

pendulum in centimeters, and g is the acceleration of gravity in cm/secz.

Problem 1 - A lunar colony in a lunar 'blue' area has a Blue Clock with a pendulum length L =
100 cm. What is the swing period? (use © = 3.141)

Problem 2 - A lunar colony in a lunar 'red’ area has an identical Red Clock. What is the swing
period? (use & = 3.141)

Problem 3 - After how many swings on the Blue Clock will the clocks differ in time by 1 hour?

Problem 4 - If both clocks were synchronized to 1:00:00 am local time, what will the time on
the Blue Clock and the Red Clock be when the two colony clocks are off by 1 hour relative to

each other?
Space Math http://spacemath.gsfc.nasa.gov
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Answer Key

Problem 1 - A lunar colony in a lunar 'blue' area has a Blue Clock with a pendumum length L =
100 cm. What is the swing period?

Answer: T =2 (3.141) (100/1520) "2 = 1.61 seconds.

Problem 2 - A lunar colony in a lunar 'red' area has an identical Red Clock. What is the swing
period?

Answer: T =2.(3.141) (100/1920)""2 = 1.43 seconds.

Problem 3 - After how many swings on the Blue Clock will the clocks differ in time by 1 hour?

Answer: Each swing on the slower Blue Clock pendulum is behind the faster Red Clock by
1.61 - 1.43 = 0.18 seconds. We want this difference to be 3600 seconds in 1 hour, which will

take N = 3600/0.18 = 20,000 swings on the Blue Clock.

Problem 4 - If both clocks were synchronized to 1:00:00 am local time, what will the time on
the Blue Clock and the Red Clock be when the two colony clocks are off by 1 hour relative to

each other?

Answer: On the Blue Clock, 20,000 swings have to pass, each taking 1.61 seconds for a total
time of 32,200 seconds or 8 hours, 56 minutes, 40 seconds. So the time on the Blue Clock will

read 09:56:40 am local time.

On the Red Clock, because after 20,000 swings it is exactly 1 hour behind the Blue
Clock, its time will read 08:56:40 am local time. Another 'long way' to see this is that we still
need 20,000 swings to add up to a 1 hour time difference, but on the Red Clock each swing is
only 1.43 seconds long and so this takes 28,600 seconds or 7 hours, 56 minutes, 40 seconds.
The time on the Red Clock will be 08:56:40 am local time.

This is why colonists will NOT be using pendulum clocks on the moon!!

Note: Devices that act like pendulum clocks were once used by prospectors on Earth to
search for oil and other valuable materials below ground before the advent of more accurate
magnetometer-based technology. Minute changes in the pendulum period indicate changes in
the density of rock below ground and these can be used to identify high-gravity, density
regions (like iron ore) or low-gravity regions (like caverns). Another way to measure minute
gravity changes is by the shape of a satellite orbit, or by the subtle changes in speed between
two satellites on the same orbit. Lunar scientists used this orbit method with the two Grail

spacecraft only 200 kilometers apart.
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Exponent Properties

Product of like bases: _ a"a" = a™"
To multiply powers with the same base, add the exponents and keep the common base.

Example: x°x> = x™* = x°

. . alﬂ _
Quotient of like bases: — =q""
a
To divide powers with the same base, subtract the exponents and keep the common base.
5
x -

Example: == ¥ =X
Power to a power: (@' = a™
To raise a power to a power, keep the base and multiply the exponents.

Example: (x5 )3 = x" = xP
Product to a power: (ab)" = a"b"
To raise a product to a power, raise each factor to the power.

Example: (x"ys)3 = x"y

Quotient to a power (%) = Z,,

To raise a quotient to a power, raise the numerator and the denominator to the power.

3\* 12
Example: (x—zj = x_g_
Yy Y

Zero Exponent: a’=1
Any number raised to the zero power is equal to “17.
Example: (8x*)° =1

. 1
Negative exponent: a’ = P —=a

Negative exponents indicate reciprocation, with the exponent of the reciprocal becoming
positive. You may want to think of it this way: unhappy (negative) exponents will become
happy (positive) by having the base/exponent pair “switch floors”!

| 1 4

. g2 _ - 43
Example: 8 = Fri or P 4x







8.6
Radicals - Rational Exponents

Objective: Convert between radical notation and exponential notation
and simplify expressions with rational exponents using the properties
of exponents.

When we simplify radicals with exponents, we divide the exponent by the index.
Another way to write division is with a fraction bar. This idea is how we will
define rational exponents.

Definition of Rational Exponents: am = (Wa)™

The denominator of a rational exponent becomes the index on our radical, like-
wise the index on the radical becomes the denominator of the exponent. We can
use this property to change any radical expression into an exponential expression.

Example 1.

(\/_) =27 | ( "13:”) = (32)F . Index is denominator
-7t _ (zy)" 3 Negative exponents from reciprocals

va> ~ | GE

We can also change any rational exponent into a radical expression by using the
denominator as the index.

Example 2

5
3 (3/7)5 — (Vmn)?
a? = (\/—) (2m n) = ( n) Index is denominator
(zy)~ 5= Negative exponent means reciprocals
(5\/_ ) 9\/ §/zy)*

World View Note: Nicole Oresme, a Mathematician born in Normandy was the
1

_4
:L'S

first to use rational exponents. He used the notation %09” to represent 93. How-
ever his notation went largely unnoticed.

The ability to change between exponential expressions and radical expressions
allows us to evaluate problems we had no means of evaluating before by changing

to a radical.

Example 3.

4 .
2773 Change toradical, denominator is index, negative means reciprocal

1

(W)“ Evaluateradical




1 Evaluate exponent

GF

1 .
31 Our solution

The largest advantage of being able to change a radical expression into an expo-
nential expression is we are now allowed to use all our exponent properties to sim-
plify. The following table reviews all of our exponent properties.

Properties of Exponents

a™at =ag™t" (ab)™=a™p™ a "= ZL17”_
a™ _ a\™ a™ 1
Pk (5) =% P
m\n __ ,mn 0__ 2 ——m_éﬁ
(a™)"=a a’=1 (b) T am

When adding and subtracting with fractions we need to be sure to have a
common denominator. When multiplying we only need to multiply the numera-
tors together and denominators together. The following examples show several
different problems, using different properties to simplify the rational exponents.

Example 4.
2 1 1.1
a3b2a’b’ Need common denominator ona’s(6) and b's (10)
4 5 1 2
as b g8 be  Add exponentsona’sand b’s

153 7
a¢ b  Our Solution

Example 5.
1o2g .3
(x3 Y’ ) Multiply 1 by each exponent
1 3
ziy®  Our Solution
Example 6.
2 15
xzya Q2 ryﬁ .
- In numerator, need common denominator to add exponents
770
4 4 15
2 6 . 2 6
e 72:3 Y Add exponents in numerator, in denominator, ¢° =1




[N
oo

2z y
7
T2
3
2z 1y2
3
292
T
Example 7.
1
12\72
25x3 ys
4 3
gx.")y 2
1
5 4 2
25275 y10
12 15
x5y w0

1 7 19

257 7% 420

_7_
3230
19

5y

Subtract exponents on z, reduce exponent on y
Negative exponent moves down to denominator
Our Solution

Using order of operations, simplify inside parenthesis first
Need common denominators before we can subtract exponents

Subtract exponents, be careful of the negative:
4 _(_15)_4 15 19
10 10/ 10 10 10
The negative exponent will flip the fraction
1
The exponent 5 goeson each factor

1 1
Evaluate 92 and 252 and move negative exponent

Qur Solution

It is important to remember that as we simplify with rational exponents we are
using the exact same properties we used when simplifying integer exponents. The
only difference is we need to follow our rules for fractions as well. It may be worth
reviewing your notes on exponent properties to be sure your comfortable with

using the properties.

Beginning and Intermediate Algebra by Tyler Wallace is licensed under a Creative Commons
Attribution 3.0 Unported License. (http://creativecommons.org/licenses/by/3.0/)







Units and Dimensions

Units and dimensions tend to -cause untold amounts of grief to many chemists throughout the
course of their degree. My hope is that by having a dedicated tutorial on them we can avoid this
for Hertford chemists. It is very important that you understand everything in this tutorial and that
you (eventually) find the associated problems quite straightforward. Please make sure you ask lots
of questions if there are things you don’t understand (this goes for all tutorials, of course).

SECTION A - Reading and notes

Read the material taken from the book ‘Quantities, units and symbols in physical chemistry’ (often
called the ‘Green Book’), and also the overview below. Read them in any order you like, and take

notes if it helps you.

Physical quantitites
A physical quantity is the product of a numerical value and a unit.
(Physical quantity) = (numerical value) x (unit)

e.g. (mass of an average person) = (70) x (kg)  Obviously, this is usually just written 70 kg.
(speed of light) = (2.99792458 x 10%) x (ms™)

If you are one of the many people who, up until now, has always thought of units as something you
have to tack onto the end of your calculations, appreciating the significance of the above is even
more important. In science, we are generally dealing with physical quantities, not with pure
numbers (we'll leave that to the mathematicians). This means that virtually every number you write
down should have units with it. The numerical value of a physical quantity will vary depending on
what units you choose to use (for example, an energy of 1 kJ could equally well be expressed as
1000 J, or 6.242 x 10*' eV, or 2.294 x 10% Hartree), which means that just writing down a number
without also stating its units is completely meaningless.  Units are not optional!

The good news is that by thinking of units in this way, all the calculations and conversions and
conventions that you previously may have found tortuous and completely incomprehensible should
suddenly become much more straightforward. All calculations to do with units now essentially just
become very basic algebra. For example, the tick marks along the axis of a graph are generally
only labelled with numerical values. The axis label must therefore be consistent with this.
Rearranging the above equation gives (numerical value) = (physical quantity)/(unit), so axes
should always be labelled to be consistent with this e.g. speed / ms™, or mass / kg. The
alternative, often seen in publications from the US and written e.g. speed (ms) or mass (kg) is
technically incorrect and unfortunately shows that the authors do not understand physical

quantities.

Before we move onto calculations, we need a short recap of the Sl (Systéme Internationale)
system of units.




Sl units

The SI system identifies base units. These are defined very precisely (see the Green Book
material for details) and are independent of one another.

Quantity Unit Symbol
Mass kilogram kg
Length metre m

Time second s
Current Ampere A
Temperature Kelvin K
Amount mole mol

All other S| units can be expressed in terms of these base units. You can work out the definitions
very easily if you know a definition of the quantity you're interested in.

For example, the S| unit of energy is the Joule (J). If we want to know how a Joule is defined in
terms of the base units, we could use the definition of the kinetic energy of a moving object:

E =% mV?, where m and v are the mass and velocity of the object.

You will be used to substituting numerical values into this type of equation, but really what you are
doing is substituting in physical quantities. The only reason you don’t usually substitute in the units
with your numerical value is that the units part of the calculation is the same every time, so you
already know the result (though you may not have realised this before!). Consider the kinetic

energy of a 10 kg object travelling at 2 ms™.

E=%(10kg)2ms™")? =40 kgm?s? = 40 J
We see that the units of J are equivalent to kg m? s If we're just interested in relationships
between units, then we can just substitute the units into an equation (just as if we're just interested

in the numerical result then we only substitute the numerical values into an equation). If we're just
doing a units calculation then we can ignore constant factors (e.g. the factor of %z in the equation

for the kinetic energy).

As another example, consider the potential energy of an object in the gravitational field of the earth
at a height h above the earth’s surface.

E = mgh, where g is the acceleration due to gravity, 9.8 ms™
A units calculation would therefore give:
J = (kg) (ms™2) (m) = kg m? s72.

Reassuringly, this is the same result as before. Hopefully this convinces you that you can choose
any equation you like to work out how to express an Sl unit in terms of the base units.

Often, you will see Sl units with prefixes, which denote powers of ten. You need to know these
prefixes (at least up to powers of plus or minus 15).




10" deci d 10' deca da
102 centi c 102 hecto h
10° mili m 10°  kilo Kk
10®  micro p 10° mega M
10° nano n 10° giga G
1072 pico p 10” tera T
10" femto f 10" peta P
107" atto a 10" exa E
102" zepto z 10  zetta Z
10 yocto y 10*  yotta Y

Calculations with physical quantities

There are a few very simple rules regarding calculations with physical quantities.

1.

You can only add or subtract quantities with the same units e.g. 10 kg + 5 kg = 15 kg, while
10 kg + 400 m is completely nonsensical. Note: check that you have all energies in the
same units before carrying out this type of calculation e.g. all in J or all in kJ, not a mixture

of the two.

When you multiply or divide, the units multiply and divide with the quantities, as shown in
the previous section.

The arguments of logs, exponentials, and other functions that may be expanded as power
series may only be dimensionless numbers.

eg. e=1+x+57+7
If x was not dimensionless, every term in the expansion would have different units!

This can be very useful in helping us work out the units of physical quantities. For example,
a first order radioactive decay can be described by the equation n = nee™, where n is the
amount of substance, ng is the amount of substance at time zero, k is the rate constant for
the decay, and tis time. If we didn’t know the units for the rate constant, we could use the
fact that the product kt must be dimensionless to work them out. Since we know that time

has units of seconds, k must have units of s~

Unit conversions

This is an area in which many students frequently get themselves in a complete tangle or despair
completely. However, once you have the definition of a physical quantity clear in your head it is
really very simple to convert between units.

As an example, consider the volume V of a cube with sides of length L.

v=13

In S| units, L would be given in m, and V would therefore be in m°. Assume we have sides of

Ieng

th 2 m. This would give a volume of 8 m®. However, what if we wanted to know the volume in

cm®? Simple: 1 m= 100 cm, so:

V = (2 m)® = (2 x 100 cm)® = 8x10% cm®




Consider a second example. Suppose we want to convert 324 kJ mol™ into J molecule™. We
know that 1 kJ = 1000 J, and that 1 mol = 6.022 x 10% molecules. Therefore:

324 kJ mol™ = 324 x (1000 J) x (6.022 x 10% molecules)™ = 5.38 x 107 J molecule™

Dimensional analysis

Sometimes we can work out the form of an equation simply by knowing the units of the quantities
involved. There is often only one combination of the quantities that is consistent with their units.
As a very simple example, suppose somebody tells you that the speed of an object has units of
ms~', and they know that you can work out the speed of an object from the distance it has travelled
and the time it took to travel that distance. However, they can't remember the required equation.

You can work it out by looking at the units:
Speed v has units of ms™
Distance d has units of m
Time t has units of s

The obvious combination of quantities with units of m and s to give a quantity with units of ms™ is
v=d/t

We could have done this calculation in a more formal way by equating powers of units i.e.
(speed) = (distance)? (time)”

So in terms of units  (ms™) = (m)? (s)°
We immediately see thata =1 and b = -1, so speed = (distance)'(time)™, or v = d / t as before.
We can also go back to our kinetic energy example. Suppose you know that kinetic energy is

measured in J (and that the equivalent in Sl base units is kg m? s, and you also know that the
kinetic energy depends on the mass of the object and on its velocity, but you can’t remember the

relationship.
(Energy) = (mass)® (velocity)®

So in terms of units (kg m? s7) = (kg)® (ms™")®

It is very straightforward to see that a =1 and b = 2. If it had been less straightforward we could
have matched terms on the left and right hand sides of the equation

kg = kg°
m2 = mP
S—2 =(S—1)b

which again gives a = 1, b = 2. Our dimensional analysis therefore tells us that
E o mv?

Dimensional analysis unfortunately can only give us the proportionalities between physical
quantities. In this case it cannot give us the required factor of .




SECTION B - Problems

1. Identify the SI units for the following quantities, and use the accompanying expressions to
express them in terms of Sl base units.
(a) Force F = ma, where F = force, m = mass, a = acceleration
(b) Pressure p=FI/A where p = pressure, F = force, A = area

2, How many dm?® are there in one m3?

3. When a substance diffuses, the flux is defined as the rate at which the amount of substance

diffuses per unit area. According to Fick's law of diffusion, the flux is equal to minus the
diffusion coefficient, D, times the concentration gradient, dc/dx.

(a) What are the correct Sl units for the flux and the concentration gradient?

(b) Hence deduce the Sl units for the diffusion coefficient.

4, The universal gas constant, R, can be calculated from measurements of pressure, volume,
temperature and amount of substance under ideal conditions from R = pV/nT.

(a) Find the Sl units for R.

(b) - 1 mol of gas occupies 24.8 m® at 298 K and 1.00 mbar. Calculate R.

(c) What is the concentration of the gas? (mol dm™ and molecules cm™).

5. Consider the following statement:

“It is not permitted to take the log of a unit, so in the equation AG® = —RT In K, the
equilibrium constant has no units. The only equilibrium constants with no units are for
equilibria with equal numbers of particles on each side of the reaction equation, and so the
equation above is only meaningful for reactions of this type.”

Which of the following is the best statement of the flaw in this argument?

A Units are always ignored when logarithms are taken.
The units of K depend on the relative numbers of reactants and products in the

B
chemical equation.

C In calculating K, it is necessary to use activities instead of concentrations, and

D

activities are dimensionless.
There is no flaw in this argument.

6. A molecule of carbon dioxide occupies a volume of 3.2 x 1072 m®. In the British system
the smallest unit of volume is the minim, which is equivalent to 0.056919385 cm®. What is

the volume of the molecule in minims?




10.

1.

12.

The speed limit on a road in Rutland is 135000 furlongs per fortnight. Given that a furlong
is 1/8 mile and a fortnight is 14 days, calculate the speed limit in miles per hour.

The slug is an American unit of mass equivalent to 14.5939 kg, and 1 foot = 30.48 cm
(exactly). The density of a soil sample is 3.01 g cm™. Convert this density to slugs per
cubic foot.

A solution of sodium chloride has concentration 0.15 mol dm™. Convert this concentration
into molecules nm™.

(a) Express the Sl units for density and pressure in terms of S| base units.

(b) Gas escapes through a small hole in the side of a vessel. The rate of loss of mass
depends on the pressure of the gas, its density and the area of the hole.

(i) Use dimensional analysis to determine this dependence.

(ii) If the gas is ideal, how will the rate of loss depend on the molecuiar weight at
a given pressure and temperature?

The speed of sound in a gas can be expressed in terms of its pressure and its density.
(a) Use dimensional analysis to determine this dependence.

(b) If the gas‘ is ideal, how will the speed of sound depend on the molecular weight at a
given temperature?

(€) The speed of sound in air at room temperature is 330 ms~'. Calculate the speed of
sound in gaseous helium at the same temperature. ‘

When an oil droplet is released, it falls under the influence of gravity until it reaches its
terminal velocity, at which the gravitational force exactly balances the frictional force
exerted by the air through which it passes. The terminal velocity depends on the weight mg
of the drop (g is the acceleration due to gravity and m is the mass of the droplet), the

viscosity n of the medium, and the radius a of the droplet.

(a) Use dimensional analysis to work out how the terminal velocity should depend on all
of these factors.
[The Sl units of viscosity are kg m™ s7']

(b) What will be the effect of the following changes on the terminal velocity?
(i) Using a gas with twice the viscosity of air.

(i) Using an oil drop with double the radius.



13.

14.

15.

The rotational energy of a diatomic molecule is a function of its bond length, r, its reduced
mass, u, and Planck’s constant, h. Use dimensional analysis to find out how the energy
depends on these quantities.

The wind chill factor is the reduction in temperature due to the wind speed. It arises from
the conversion of random motion (temperature) into organised motion (wind). The wind
chill factor AT depends on the wind speed, v, the molecular mass of the gas, m, and
Boltzmann's constant k, which has the value 1.38 x 1072 J K™'. Find the dimensions of
each of these quantities and use dimensional analysis to discover how AT depends on
them.

The molecular collision frequency per unit concentration in a gas, Z, has units m?® s and
depends on the Boltzmann constant, kg, the temperature, T, the molecular mass, m, and
the molecular diameter, d. Use dimensional analysis to determine how Z depends on these

quantities.







ScientifieNotation Notes

What is Scientific
Notation?

A way to write very large or very small numbers more
easily (takes up less space and less likely to make
mistakes). Often used by scientists.

3.45x10° instead of 3,450,000,000

Definition

A number is in scientific notation when it has a number
between 1 and 10 multiplied by 10 to a power.
Which of the following are in Scientific Notation? Explain.

4.69 x 107 56.7 x 10°
0.35x 10°

*The circled items are in Scientific Notation because their numbers are between 1
and 10 (not bigger like 56.7 or smaller like 0.35).

How to put
numbers into

Scientific Notation.

Examples: 1) Move the decimal point until
37,498,000,000 you have a number between

1 and 10.

3.7498000000. 2) Count the number of digits

you moved the decimal point

over. This number becomes

Correct answer is the power of 10.

3.7498 x 10™° 3) If you moved the decimal
point to the right, itis a
negative power (you started
with a really small decimal).

0.0000000492 If you moved the decimal
point to the left, it is a
0.00000004.92 positive power (you started
with a really large number)

4) Rewrite the number with the
decimal point where you

Correct answer is moved it to and multiplied
4.92 x 10° by 10".
How to change Examples: 1. Move the decimal point the
numbers from 1.45 x 10" number of digits indicated by the




Scientific Notation
to Standard Form.

1.4500,
7

Correct answer is
14,500
2.07 x 107

0,00002.07

==

Correct answer is
0.0000207

power on the 10. You may need to
add some zeros.

2. If the power is positive, move
the decimal point to the right.
(This will give you a large number.)
If the poser is negative, move the
decimal point to the left. (This will
give you a small decimal number.)
3. Double check that you counted
the number of digit spaces to
move the decimal point
correctly—this is the most
common mistake.
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Date Class

Math Skills for Science

MATH SKILLS

Multiplying and Dividing in Scientific Notation

Part 1: Multiplying in Scientific Notation

PROCEDURE: To multiply numbers in scientific notation, multiply the decimal
numbers. Then add the exponents of the powers of 10. Place the new power of
10 with the decimal in scientific notation form. If your decimal number is
greater than 10, count the number of times the decimal moves to the left, and
add this number to the exponent.

SAMPLE PROBLEM: Multiply (2.6 x 107) by (6.3 X 10%).

Step 1: Multiply the decimal
numbers.

2.6 X6.3=16.38

Step 2: Add the exponents.

7+4=11

Step 3: Put the new decimal

number with the new exponent in

scientific notation form.

Step 4: Because the new decimal number is
greater than 10, count the number of places
the decimal moves to put the number
between 1 and 10. Add this number to the
exponent. In this case, the decimal point
moves one place, so add 1 to the exponent.

16.38 x 10" 1@}.38><10”—>1.638><10‘2
Try It Yourself!
1. Follow the steps in the Sample Problem carefully to complete the following equa-
tions.
Multlplylng with Scientific Notations

'P'rob\klkér""rff‘ | ' “New declmal New exponent 1" Answer S

Sample problem:

(4.4 X 10°% X (3.9 X 10%) 4.4x39=17.16 6+4=10 1.716 x 10"

a. (2.8 108 X (1.9 X 104

b. (1.3 X 10° X (4.7 X 107%)

c. (3.7 xX10%) x (5.2 X 107)

d. (4.9 X 10%) X (1.6 X 10%)

2. The mass of one hydrogen atom is 1.67 X 10-?" kg. A cylinder contains 3.01 X 10
hydrogen atoms. What is the mass of the hydrogen?

10f 2
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Name

Date Class

Multiplying and Dividing in Scientific Notation, continued

Part 2: Dividing in Scientific Notation

PROCEDURE: To divide numbers in scientific notation, first divide the decimal
numbers. Then subtract the exponents of your power of 10. Place the new power
of 10 with the decimal in scientific notation form. If the resulting decimal
number is less than 1, move the decimal point to the right and decrease the
exponent by the number of places that the decimal point moved.

SAMPLE PROBLEM: Divide (1.23 X 10") by (2.4 X 10%).

Step 1: Divide the decimal numbers.

1.23 +2.4=0.5125

Step 2: Subtract the exponents of the
powers of 10.

MN—-4=7

Step 3: Place the new power of
10 with the new decimal in scientific
notation form.

0.5125 X 107

Step 4: Because the decimal number is
not between 1 and 10, move the decimal
point one place to the right and

decrease the exponent by 1.

05,125 X 107 —» 5.125 X 10°

(1.23 X 10") + (2.4 X 10*) = 5.125 X 10°®

3. Complete the following chart:

Dividing with Scientific Notation

Problem | New decimal | New exponent | Answer
Sample problem:
(5.76 X 109 + (3.2 =+ 109) 576 -3.2=1.8 9-3=6 1.8 X 10®

a. (3.72 X 108) + (1.2 X 10%)

b. (6.4 X 107 + (4 X 10°)

c. (3.6 X 10% -+ (6 X 10°)

d. (1.44 x 10*) = (1.2 X 10")

4. The average distance from Earth to the sun is 1.5 X 10" m. The speed of light is
3 X 10% m/s. Approximately how long does it take for light to travel from the sun

to Earth?

2o0f 2
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The Unit Circl

Positive: sin, csc Positive: sin, cos, tan, sec, csc, cot
Negative: cos, tan, sec, cot g :

1, \B) 50T
27

(-1, 0)j 180° 0°  0jd,0)

360° 2m

2 2
V2, ﬁ)
| | 2 2
3n (l, __)
270° 2 2
Positive: t t ©,-1) Positive: cos, sec
Negativ Negative: sin, tan, csc, cot
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Review of Complex Numbers

Introduction

This is a short review of the main concepts of complez numbers. Complex numbers are used
throughout mathematics and its applications. In particular, when we try to solve differential
equations it is often convenient and natural to use complex numbers to express the solutions.
Here we review those ideas and results from the theory of complex numbers that will be used

in Math 216.
A complex number z may be expressed as an ordered pair of real numbers:

z=(z,y) =z +1iy

where i := /=1 (so i* = —1) and z and y are real numbers. The following notations are
often used:

z = Re(2) or z = R(z) denotes the real pa}‘t of the complex number z
y = Im(2) or y = §(z) denotes the imaginary part of the complex number z

Recall that two complex numbers are equal if and only if both the real and the imaginary
parts are equal. In other words, z; := (z1,¥1) equals 2 := (z3,y2) if and only if z; =z, and

Y1 = Yo.
A convenient way of thinking about complex numbers is to imagine them as points in

the (z,y) plane (in this case it is called the complez plane), as illustrated in the following
figure. In the complex plane, the line y = 0 is frequently called the real azis, and the line

y=Im(z)

z=(xy)=x+iy

x=Re(z)

Figure 1: The complex number z = z + 4y plotted in the complex plane.

z = 0 is frequently called the imaginary azis.

Doing arithmetic with complex numbers

Addition and multiplication of two complex numbers z; = (z1,¥1) and 22 = (z2,y2) are
defined by the following rules:




o Addition: z; + 2z := (21 + 22,1 + ¥2) = (1 + z2) + i(v1 + y2).
o Multiplication: 212 := (2122 — 11¥2, Z1¥2 + Z2y1) = (122 — Yav2) + 1(T1Y2 + Tan).

Note that if we interpret z; and 25 as points in the complex plane as in Figure 1, then addition
of complex numbers is the same as vector addition in the plane; we are just adding the real
and imaginary parts componentwise. On the other hand, the multiplication of two complex
numbers may perhaps seem different than what you might have expected it to be; this is
only an illusion, however, and when we introduce exponential forms for complex numbers

later, the multiplication will make perfect sense.
Although complex numbers obey different rules of arithmetic than do ordinary real num-

bers, it is very important to keep in mind that the complex numbers simply generalize the
notion of the real numbers. Indeed, we can think of the real number z as the complex
number (z,0) = z + 0. Such a complex number whose imaginary part is zero is said to be
purely real. If we add or multiply two purely real complex numbers, then according to the
rules for complex arithmetic, we have

(.5171, 0) -+ (.’Ez, O) = (.’171 -+ 9, 0) and (SEl, O)(:L'z, O) = ($1$2, O)

so in each case the result is also a purely real complex number, and the real part in each case is
exactly what we would have found by applying the usual rules of addition and multiplication
for real numbers to the real parts. This shows that all the new operations defined for
complex numbers when applied to purely real numbers give the usual familiar corresponding

operations.
One way to think of (0, 1) is as the new number ¢ which is purely imaginary in the sense

that its real part is zero, and so (x,y) = = + 4y is the sum of the purely real number z and
the purely imaginary number 2y. :

Example: According to the above arithmetic rules for complex arithmetic, we have
(2,0)+ (0,5) = (5,5), and  (0,1)(3,0) = (0,3).
Combining these, we deduce that
(z,9) = (2,0) + (0,1)(y, 0)
which is another way of writing the relation z = z + 1y. O

Example: We can calculated repeated products of a complex number z with itself, which
is what we mean by raising z to an integer power. Thus by definition really, 22 = zz and
2% = 22z and so on. In particular, i = i1 = (0,1)(0,1). Using the rule for multiplication,

we then see that
i* =4i = (0,1)(0,1) = (—1,0) = -1

which verifies the fact that ¢ is a square root of —1. I

Example: The fact that 2 = —1 makes the rule for multiplication of complex numbers very
easy to remember if one uses the 2 = z 4 iy notation. Indeed just by multiplying out the

individual terms,

2122 = (T1 + 1) (T2 + 1Y2) = T120 + iT1Y + iT2ys + 121 Ye
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and then using i2 = —1 we get
2122 = (2122 — Y1) + (z1y2 + Toy1)

which is the rule for multiplication of complex numbers. []

It is easy to check directly from the definitions given of addition and multiplication of
‘complex numbers that all of the familiar algebraic properties that we are familiar with hold
for complex numbers too. In other words, complex arithmetic obeys the following rules:

e Commutative Law of Addition: z; + 25 = 23 + 21

e Associative Law of Addition: (2 + 22) + 23 = 21 + (22 + 23)
o Commutative Law‘ of Multiplication: z12e = 2223

o Distributive Law: 21(2s + 23) = 2122 + 2123

e Unique Additive Identity 0 = (0,0): 2+0=0+2=2

¢ Unique Multiplicative Identity 1 = (1,0) : z-1=1.-2=2

o Additive inverse: —z = (—z,—y) = -z —iy: 2+ (—2) =0

e Multiplicative inverse: For every complex number z = (z,y) # 0 there exists a complex
number w = (u,v) such that (z,y)(y,v) = (u,v)(z,y) = (1,0)

Tt turns out that the multiplicative inverse of a nonzero complex number z = (z,y) is the

complex number
z Yy
<x2 +y* a2 +y2>

which we denote by 1/z. Now we can define the quotient of two complex numbers:

21 1 1
——::zl-—z—-zl_
) 22 22

Example: The multiplicative inverse of ¢ = (0, 1) is, according to the above formula,

1
- =(0,-1)=—1.
‘Therefore, .
2
- =2--=-2.
i 1




we have o_3 1 1 3 3 1 5
— Z=(2—3i)-<———'):1—i——i—|——i2=————i

141 2 2 2 2 2 2

because i2 = —1. O

Why bother with complex numbers at all? Complex numbers were originally invented
as an extension of real numbers in order to have a number system in which all polynomials
have roots. For example, the equation z2 — 3z + 2 = 0 has two real solutions, z = 1 or
z = 2. But the similar-looking quadratic equation 22 — 3z + 3 = 0 does not have any
real roots at alll However, if we are willing to accept complex numbers as roots, then this
quadratic equation also has two roots, namely the complex roots 3/2-+i1/3/2 and 3/2—i+/3/2.
More generally, for a, # 0, and other given numbers ay, ..., a,-1, the polynomial equation
px™ + ... + a1x1 + ag = 0 of degree n does not necessarily have any real solutions. However,
complex numbers enjoy the property that if ag, ay, ..., a, are complex numbers and a, # 0,
then a,2" + ... + a12; + ag = 0 always has n solutions (although not all roots are necessarily
distinct). This fact is known as the Fundamental Theorem of Algebra. In other words, to
find the solutions of a polynomial equation, you never need to look further than the complex
numbers (remarkably, this is true even if the coefficients ay are themselves generalized from
real numbers to complex numbers). This is ezactly why we need complex numbers in a course
on differential equations like Math 216: they are necessary to give us all of the roots of the
characteristic polynomial that arises from seeking exponential solutions proportional to e’ of
a constant-coefficient differential equation, or system of differential equations.

Some additional terminology for complex numbers

Associated with each complex number 2z is a positive number called the absolute value or
modulus of z and written as |z|; the definition in terms of the real and imaginary parts of

z=x+1yis

Iz} == a2 +92.
If we visualize z as a point in the complex plane as in Figure 1, the modulus of z is just
the distance from the point (z,y) to the origin (0,0). See Figure 2. Unless z; and 2

y=Im(z)

‘z,\

x=Re(z)

Figure 2: The modulus of a complex number z = x + 1y.

are purely real, an inequality like “z; < 2,” has no meaning because somehow both real




and imaginary parts would have to be compared. But the inequality |z1| < |22 does have
meaning; according to Figure 2 it means that 2; is closer to (0,0) than z, is.

Example: According to the definition, |(1,2)| = V12 + 22 = /5. O

Next, for each complex number z, there is another complex number called the complex
conjugate of z and denoted by Z or z*. The complex conjugate of z = (z,y) = z + 1y is
defined by

z=2"1=(z,—y)=2—1y,
so taking the complex conjugate of a complex number z amounts to changing the sign of its
imaginary part. Geometrically, this amounts to reflection of the point representing z in the
complex plane through the real axis, as shown in Figure 3.

y=Im(z)

x=Re(z)

'
Z o z*

Figure 3: The complex conjugate of a complex number 2.

Example: According to the definition, T = (1,0) = (1,0) = 1. Similarly, i* = (0,1)* =
(0,-1) = —i. O

Example: The following identities are easy to establish using the definition:

ntun=%+2,

Z1 22 =21 Zg,

2\° 2
29 2

Also, Z = z, in other words, the complex conjugate of the complex conjugate of any number
2z is z itself. Why are there two different notations for the complex conjugate of a complex
number? Generally, the bar notation is easier to read, unless it gets in the way of a dot on
the %, or unless it is easily confused with the line separating the numerator and denominator
of a fraction; for these situations, we have the option of using the star superscript. [

and

Example: Note that if z = (z,y) = z + 1y, then

2+Z=(z,9) + (z,~y) = (22,0) = 2- Re(2),




z—Z=(z,y) — (z,—y) = (0,2y) = 2 - Im(2) .
That is, we have that
) .

=—2—i(z—2).

Re(z) = %(z +%) and Im(z)

This gives us a simple way to express the real and imaginary parts of z in terms of z and its
complex conjugate. []

Example: Again, directly from the definition of complex conjugation,
22" = (z +iy)(z — iy) = &® —dzy +izy + ¥ = 2 + 4" = |2,

where in the last step we used the definition of the modulus of z. It follows that by multiplying
the numerator and denominator of 1/z by z*, we get

* £

oz
z 2zt |22

This is one way to deduce the formula we gave earlier for 1/z. [

Polar form for complex numbers

Points in'the complex plane can be identified by their Cartesian coordinates (z,y), or by
their polar coordinates (7, §) as indicated in Figure 4. Elementary trigonometry tells us that

y=Im(z)

o 1 x=Re(z)

Figure 4: The polar coordinates of the complex number z.

the Cartesian and polar coordinates are related by = rcos(f) and y = rsin(f). We may
therefore write the complex number z in terms of its polar coordinates in the following way:

z =z + 1y = r cos(#) + irsin(f) = r(cos(6) +i sin(8)) .

Geometrically, it is easy to see that the modulus |z| of z is the same thing as the polar
coordinate r; however it is also easy to see this from the above formula using the trigonometry

identity cos(#)? + sin(9)? = 1:

|2] = /T2 cos(8)2 + r2sin(0)2 = rv/cos? § +sin?§ = r.




Example: For z = 1 — % we have r = v/2 and 0 = —n /4, and therefore
1= \/i[cos(—zlr-) + isin(~—g)] .

The angle # is not unique, but its possible values differ from each other by multiples of 27.
For example, 6 = 27n — m/4 works too, for any n = 0,£1,42,.... [

The angle 6 is called the argument or phase angle of z and is denoted

0 = arg(z) .

Again thinking geometrically, it is easy to see that for a complex number to have an argument,
it must be nonzero, which is the same thing as saying that its modulus is nonzero, or that
r # 0. Since for z # 0 there are many values of arg(z), it is useful to define a particular
value, called the principal value of arg(z) and denoted by Arg(z) as the unique value of ¢

between —7 and w:
—m < Arg(z) < 7.

If we are given the polar coordinates (r,0) of a complex number z, then it is straight-
forward. to calculate the corresponding Cartesian coordinates (z,y) = (rcos(d),rsin(f)).
Finding the polar coordinates given the Cartesian coordinates is a little more tricky. Of
course it is easy to find r = y/z2 + 32, but then we need to find an angle # so that

cos(8) = %, and sin(f) = %

It also follows from these relations that the angle 6 we seek satisfies

_y_Im(z)
tan(f) = s Relo)”

The way to find 6 is to use the inverse trigonometric functions; however in doing so you need
to make sure that the resulting angle is in the correct quadrant given the signs of = and y.

Example: Suppose that z =  + iy = —1 +¢. To find the polar coordinates of 2, we first
calculate r = /(—1)2 4+ 12 = /2. Then, the angle 0 we seek satisfies cos(§) = —1/v/2 and
sin(f) = 1/4/2, or if we combine these, tan(f) = —1. If we apply the arctangent function
to solve for 8, we get —m/4, which is indeed an angle whose tangent is —1. However it is
not an angle whose sine is 1/4/2. To get the right answer we recall that the arctangent
function is only defined up to integer multiples of 7, and therefore 8 = 37 /4 is also an angle
whose tangent is —1. In this case, we also see that indeed cos(37/4) = —1/+/2 and that
sin(37/4) = 1/v/2, so that indeed 8 = arg(z) = 3w/4. Moreover, since —1 < 3w/4 < 7, we
also have Arg(z) = 3n/4. O

One of the reasons for introducing polar coordinates for complex numbers is that it gives
a simple geometrical interpretation to the process of complex multiplication. Indeed, if

z =71(cos(f1) +isin(f1)), and 2z = ry(cos(f2) +isin(6s)),

7




then
2129 = 1179 (C08(y) + isin(f;))(cos(6z) + isin(fz))

= 7 [(cos(81) cos(fz) — sin(fy) sin(B;)) + i (sin(6;1) cos(62) + cos(f1) sin(6s))]

= 71Ty [COS(Hl + 92) +’I:SiIl(91 + 92)] .

We used two trigonometric identities in the last step above to arrive at a formula in terms
of the sum of the angles 8; + 6,. In particular, this calculation shows that

|z122| = |z1] - |22], and  arg(z122) = arg(z1) + arg(zz) .

That is, when we multiply two complex numbers we multiply their moduli and add their
arguments. Note also that if 7 # 0, then

2z r(cos(8) +isin(d)) r(cos(d) — isin(d))
s0 [z7| = 1/|2| and arg(z™') = — arg(z). Note also that arg(z) = — arg(z).

1 1 (cos(f) — isin(6)) _ %(Cos(ﬁ)—z’ sin(6)) = % [cos(—8) +isin(—0‘)] ,

Exponential form of a complex number: Euler’s formula

Recall that the infinite power series expansion defining e is
w?  w?
w— ] ..
e +w+ 9 + 3] +

It turns out that both sides make sense when w is a complex number, and in particular if
w = 16 where 0 is a real angle. In this case the series expansion becomes

. 62 63
9 _ 0 g
eV = 1+20; 5 23!—}-
02 . 03
— {1__24_...}4_2[9__3!4_..}

= cos(#) + isin(f),

where at the end we grouped the purely real and purely imaginary terms and recalled the
infinite power series expansions of cos(f) and sin(#) for real values of §. The remarkable

formula we have found in this way:
¢ = cos 4 isinf

is known as Fuler’s formula. If we use Euler’s formula, we can express z in terms of its polar
coordinates in an even simpler form:

2 = r(cos(0) +isin(0)) = re?

8




where 7 = || is the absolute value of z and 6 = arg(2) is the argument. This is called the

exponential form of the complex number z.

Now we can see that we can also view the effect of multiplying two complex numbers that
are expressed in terms of their polar coordinates (multiplication of the moduli and addition
of the arguments) as being a simple consequence of the rules for multiplying exponentials:

212 = 1100 rae®? = pyrgeifitoa)

Also,

and
29 T2

Note that for any n = 0,41, £2, ... we have z = rel®*?™); also Z = re
The exponential form of a complex number z makes it easy to compute powers of z.
Indeed, z* = (re)® = r"e™. Combining this with Euler’s formula we have DeMoivre’s

Theorem, which gives the real and imaginary parts of any power of a complex number of
modulus one:

—1i0

(cos(8) + isin(6))" = cos(nf) + isin(nd) .
The proof of DeMoivre’s theorem is basically one line long:
(cos(8) + isin(8))" = ()" = ™ = cos(nf) +isin(nd) .
Euler’s formula was used in the first and last steps.

Example: Writing out DeMoivre’s formula for n = 2, and doing the multiplication, gives
cos(20) + isin(20) = (cos(d) + ¢ sin(0))? = cos(#)* — sin(6)? + 12 sin(6) cos(0) .

Since the real and imaginary parts on both sides must be equal, we get cos(20) = cos(0)* —
sin(6)? and sin(26) = 2sin(d) cos(d). This example shows that DeMoivre’s Theorem provides
an easy way to remember the multiple-angle trigonometry identities. 1

Finding roots of complex numbers is also made easy using the exponential form. For
example,
2 (rew)l/z = pl/2¢i0/2
but, since 6 may be replaced by 6 + 27k for any integer k£ without changing z, we have more

generally that
(r ei(0+27rk))1/2 — pl/2,i(0/2+mk)

The right-hand side gives only two possible answers as k ranges over all possible integers.
These two complex numbers are the two square roots of z. The nth roots of a complex

number z are calculated in exactly the same way:
zl/n — Tl/nei(0+27rk)/n

rl/nei(e/n+27rk/n),
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1 Definitions

A matrix (plural: matrices) is simply a rectangular array of “things”. For now, we’ll assume the “things” are numbers,
but as you go on in mathematics, you’ll find that matrices can be arrays of very general objects. Pretty much all that’s
required is that you be able to add, subtract, and multiply the “things”.

Here are some examples of matrices. Notice that it is sometimes useful to have variables as entries, as long as the
variables represent the same sorts of “things” as appear in the other slots. In our examples, we’ll always assume that
all the slots are filled with numbers. All our examples contain only real numbers, but matrices of complex numbers

are very common.

1 4 3
1 4 z 17
2 5 4], ( ), , (zy 7z w)
1 -3 —9 2 z+y 7 -19

~ o1 Lo =

The first example is a square 3 X 3 matrix; the next is a 2 x 4 matrix (2 rows and 4 columns—if we talk about a matrix
that is “m X n” we mean it has m rows and n columns). The final two examples consist of a single column matrix,
and a single row matrix. These final two examples are often called “vectors”—the first is called a “column vector” and
the second, a “row vector”, We’ll use only column vectors in this introduction.

Often we are interested in representing a general m X n matrix with variables in every location, and that is usually
done as follows:

a1 @12 @mg . Gin
a1 Gz Q23 *°*  Qon
Gml @m2 Om3 *** Gmn

The number in row ¢ and column § is represented by a;;, where 1 <4 < mand 1 < § < n. Sometimes when there is
no question about the dimensions of a matrix, the entire matrix can simply be referred to as:

(aif) -

1.1 Addition and Subtraction of Matrices

As long as you can add and subtract the “things” in your matrices, you can add and subtract the matrices themselves.
The addition and subtraction occurs in the obvious way—element by element. Here are a couple of examples:

1 3 7 3 2 1 4 5 8
2 6 —4|+[55 3 —| =75 9 —-4d4-—¢
2 15 = 2 5 2 4 20 7+V2




1 3 7 3 2 1 -2 1 6
2 6 —4|-155 3 —|=|-35 3 e-—4
2 15 =« 2 5 2 0 10 w—+v2

To find what goes in row 4 and column j of the sum or difference, just add or subtract the entries in row % and column
4 of the matrices being added or subtracted.

In order to make sense, both of the matrices in the sum ot difference must have the same number of rows and columns.
It makes no sense, for example, to add a 2 X 4 matrix to a 3 X 4 matrix.

1.2 Multiplication of Matrices

When you add or subtract matrices, the two matrices that you add or subtract must have the same number of rows and
the same number of columns. In other words, both must have the same shape.

For matrix multiplication, all that is required is that the nmumber of columns of the first matrix be the same as the
number of rows of the second matrix. In other words, you can multiply an m X &k matrix by a & x n matrix, with
the m X k matrix on the left and the & x n matrix on the right. The example on the left below represents a legal
multiplication since there are three columns in the left multiplicand and three rows in the right one; the example on the
right doesn’t make sense—the left matrix has three columns, but the right one has only 2 rows. If the matrices on the
right were written in the reverse order with the 2 x 3 matrix on the left, it would represent a valid matrix multiplication.

17 100
3 7 011(219
7 1 010

So now we know what shapes of matrices it is legal to multiply, but how do we do the actual multiplication? Here is
the method:

If we are multiplying an m X k matrix by a k X n matrix, the result will be an m X n matrix. The element in the
product in row § and column j is gotten by multiplying term-wise all the elements in row ¢ of the matrix on the left by
all the elements in column j of the matrix on the right and adding them together.

Here is an example:

1 3 2\ /4 11 32 59

5 0 7]|6 10]=]55 118
6 9 8 5 9 118 228

To find what goes in the first row and first column of the product, take the number from the first row of the matrix on
the left: (1,3,2), and multiply them, in order, by the numbers in the first column of the matrix on the right: (4,6, 5).
Add the results: 1-4+3-6 +2 -5 = 4 + 18 + 10 = 32. To get the 228 in the third row and second column of the
product, the use the numbers in the third row of the left matrix: (6,9, 8) and the numbers in the second column of the
right matrix: (11,10,9) to get6-11+9-10+8-9 =66 + 90 + 72 = 228,

Check your understanding by verifying that the other elements in the product matrix are correct.

In general, if we multiply a general m X k matrix by a general ¥ X n matrix to get an m X n matrix as follows:

a1 @1z Gk bir b1z 0 bin enn Gzt Cin
a1 G2 ccc G2 bo1 bag - bon €1 Co2 't Can
Gm1 Am2 't OGmk br1 bre o+ bn Cml Cm2 ' Cmn




Then we can write ¢;; (the number in row ¢, column §) as:
k
cij = ) Gipbpj.
p=1

1.3 Square Matrices and Column Vectors

Although everything above has been stated in terms of general rectangular matrices, for the rest of this tutorial, we’ll
consider only two kinds of matrices (but of any dimension): square matrices, where the number of rows is equal to
the number of columns, and column matrices, where there is only one column. These column matrices are often
called “vectors”, and there are many applications where they correspond exactly to what you commonly use as sets of
coordinates for points in space. In the two-dimensional -y plane, the coordinates (1, 3) represent a point that is one
unit to the right of the origin (in the direction of the z-axis), and three units above the origin (in the direction of the
y-axis). That same point can be written as the following column vector:

1
3)
If you wish to work in three dimensions, you’ll need three coordinates to locate a point relative to the (three-

dimensional) origin—an x-coordinate, a y-coordinate, and a z-coordinate. So the point you’d normally write as
(z,y, 2) can be represented by the column vector:

z

y
z

Quite often we will work with a combination of square matrices and column matrices, and in that case, if the square
matrix has dimensions n X n, the column vectors will have dimension 7 x 1 (n rows and 1 column)'.

1.4 Properties of Matrix Arithmetic

Matrix arithmetic (matrix addition, subtraction, and multiplication) satisfies many, but not all of the properties of
normal arithmetic that you are used to. All of the properties below can be formally proved, and it’s not too difficult,
but we will not do so here. In what follows, we’ll assume that different matrices are represented by upper-case letters:
M, N, P,..., and that column vectors are represented by lower-case letters: v, w,....

We will further assume that all the matrices are square matrices or column vectors, and that all are the same size, either
n X n or n X 1. Further, we’ll assume that the matrices contain numbers (real or complex). Most of the properties
listed below apply equally well to non-square matrices, assuming that the dimensions make the various multiplications
and addtions/subtractions valid.

Pethaps the first thing to notice is that we can always multiply two n X n matrices, and we can multiply an n X n
matrix by a column vector, but we cannot multiply a column vector by the matrix, nor a column vector by another. In
other words, of the three matrix multiplications below, only the first one makes sense. Be sure you understand why.

1 2 3 10 10 1 2 3 10 7
4 5 6 11 11 4 5 6 11 8
7 8 9 12 12 7 89 12 9

'We could equally well use row vectors to correspond to coordinates, and this convention is used in many places. However, the use of column
matrices for vectors is more common




Finally, an extremely useful matrix is called the “identity matrix”, and it is a square matrix that is filled with zeroes
except for ones in the diagonal elements (having the same row and column number). Here, for example, is the 4 x 4

identity matrix:

OO O
OO =O
S -=OO
- O O Co

The identity matrix is usually called “I” for any size square matrix. Usnally you can tell the dimensions of the identity
matrix from the surrounding context.

e Associative laws:

(MN)P = M(NP) (MNYy = M(Nv)
(M+NY+P=M+(N+P) @W+v)+w=u+(@+w)

o Commutative laws for addition:
M+N=N+M v+w=w+v

o Distributive laws:

M(N +P)= MN + MP (M £ N)P = MP+NP
M@wtw)=Mv+ Mw (M £ N)v=Mv+Nv

o The identity matrix:
NI=IN=N Iv=v

Probably the most important thing to notice about the laws above is one that’s missing—multiplication of matrices is
not in general commutative. It is easy to find examples of matrices M and N where MN # N M. In fact, matrices
almost never commute under multiplication. Here’s an example of a pair that don’t:

1 1\ /1 0y _ /2 1\, 1 0y/1 1y (1 1

0 1/\1 1/ \1 1)’ 1 1)\0 1) \1 2/°
So the order of multiplication is very important; that’s why you may have noticed the care that has been taken so far
in describing multiplication of matrices in terms of “the matrix on the left”, and “the matrix on the right”.

The associative laws above are extremely useful, and to take one simple example, consider computer graphics. As
we’ll see later, operations like rotation, translation, scaling, perspective, and so on, can all be represented by a matrix
multiplication. Suppose you wish to rotate all the vectors in your drawing and then to translate the results. Suppose
R and T are the rotation and translation matrices that do these jobs. If your picture has a million points in it, you
can take each of those million points v and rotate them, calculating Rv for each vector v. Then, the result of that
rotation can be translated: T'(Rv), so in total, there are two million matrix multiplications to make your picture. But
the associative law tells us we can just multiply T' by R once to get the matrix T'R, and then multiply all million points
by TR to get (T R)w, so all in all, there are only 1,000,001 matrix multiplications— one to produce T'R and a million
multiplications of T'R by the individual vectors. That’s quite a savings of time.

The other thing to notice is that the identity matrix behaves just like 1 under multiplication—if you multiply any
number by 1, it is unchanged; if you multiply any matrix by the identity matrix, it is unchanged.




